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a0 = a
eTc+ZTZ_S

b0 = b
eTc+ZTZ_S

an+1 = an+bn
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bn+1 =
√
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L�P
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^Jc+ZpP�wIc+^JWgPRWY��^U�<L�lYlYL�^�X�c+Za�uL�bdr+L�ZpP�PRc+]<PRL�^lYL�^�e_L�]f�2�pL�bd^�]_Z�Mn��MVL�Z_c+M��TbJL�ZTc&P�S
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a = 2

L�P
b = 1

�

a1 =
a0 + b0

2
= 1, 5

b1 =
√
a0 b0 = 1, 4142135623730950488016887242096980785696718753769480731766797379907 . . .

a2 =
a1 + b1

2
= 1,4571067811865475244008443621048490392848359376884740365883398689953 . . .

b2 =
√
a1 b1 = 1,4564753151219702608511618824732524371397695735347456310918876492935 . . .

a3 =
a2 + b2

2
= 1,4567910481542588926260031222890507382123027556116098338401137591444 . . .

b3 =
√
a2 b2 = 1,4567910139395549461941753969817717747744628562486345380802226293456 . . .

a4 =
a3 + b3

2
= 1,4567910310469069194100892596354112564933828059301221859601681942450 . . .

b4 =
√
a3 b3 = 1,4567910310469068189627755068947535591981807707536213657982053831606 . . .

a5 =
a4 + b4

2
= 1,4567910310469068691864323832650824078457817883418717758791867887028 . . .

b5 =
√
a4 b4 = 1,4567910310469068691864323832650815421019460981007394057091579778330 . . .

a6 =
a5 + b5

2
= 1,4567910310469068691864323832650819749738639432213055907941723832679 . . .

b6 =
√
a5 b5 = 1,4567910310469068691864323832650819749738639432213055907941723832678 . . .
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z ZªeTS�vxZTWY^J^RN*ZaPOlkN0��caZTXiPRWYcaZ
f
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f(x) = M(1;x)
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[ 0 ; +∞ [
L�P>eTS�bJWg�+N*�_lYL�^J]Tb

] 0 ; +∞ [
LiP>^J]Tb�PRc+]fP>lkNnbdLUlkN,PRWYc+Zjy

π = 2
√

2
f
(

1√
2
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f ′
(

1√
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a0 = 1 Ø b0 = 1√
2
Ø an+1 = an+bn

2 Ø bn+1 =
√
anbnÙ+ÚÜÛ*Ý�Þ

Un =
4a2

n

1− 2
n∑
k=1

2k(a2
k − b2k)

−−−→
n→∞

π

µ¢¶»ß ¸j¹»ºG¼7½p¾«¿aÀ
ÁÃÂ@à�Ä!Âxà�á�½+âx½+Â@à�Ë2¼7½*ã$Â@¾ÉÈäÌ�µxÍGå¢æ�Ð
Ñ �7£u�x�,ÒfÓj�hçèÕx×

u0 =
√

2 Ø v0 = 0 Ø p0 = 2 +
√

2

un+1 =

√
un
2

+
1

2
√
un

vn+1 =

√
un(1 + vn)

un + vnÙ+ÚÜÛ*Ý�Þ
pn+1 = pnun

1 + un
1 + vn

−−−→
n→∞

π
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y0 =
√

2 Ø z1 = 4
√

2 ï�ð f0 = 2 +
√

2

yn+1 =
1 + yn
2
√
yn

zn+1 =
1 + ynzn

(1 + zn)
√
ynÙ+ÚÜÛ*Ý�Þ

fn+1 = fn
1 + yn
1 + zn

−−−→
n→∞
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a0 = a
b0 = b

an+1 = an+bn
2

bn+1 =
√
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�
# ��� ÙVÞ�� × ðsï (bn)n∈N ï Þ ð$� ÝdÛ × Þ�Þ�Ù�� ðsï�� � Ù+Ý ð × Ý � ��ÝdÙ��"! 1

�
% � ∀n > 1 Û��`Ù'& bn 6 an �
( �

(an) ï�ð (bn) � Û��*) ï Ý+! ï � ð ) ï ÝRÞ �,�.-0/1- ï Ý �Rï Ú�23�54 Û��.�@Û ðsï ÝdÙ M(a; b)
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z Z�]_Z�Mnc&P,�TlYL�^�e_L�]f��^d]_WgPRL�^
(an)

LiP
(bn)

^Jc+ZaP~N*e*{�N*XUL�ZaPRL�^U�
6O�fÓj�T�&¡¢�7� y�^JW

0 6 b 6 a N*lYc+bJ^�lYL�^�PRbdcaWY^�wTbdLUMnWYL�bd^�wIc+WYZaPR^�^Jc+ZaP��<bJN+WY^>N*]�bJN*ZTr 0
�

7��,�f�98I�;:¦�c+ZaPRbdcaZT^�lYL0�=<>�~y
� c+MVMnL�w@c+]_b�PRc+]<P>bdS�LUl

A
LiP
B
c+Z�N

(A−B)2 > 0
c+Z�e_S�eT]TWÜP�tf]TL

AB 6 A2+B2

2

�+?@�i�
A~c+ZTX √

ab 6 a+b
2

wT]TWY^
b1 6 a1

� z P¬w_N+b4]TZTLFbdS�X�]_bdbdL�Z_X�L�^JWYMnw_lYL+�Ic+Z0Mnc+ZaP�bdL�tu]_L ∀n > 1
c+Z`N�y

bn 6 an
�¦�c+ZaPRbdcaZT^�lYL0�CBD��LiP��=E��¬y

A~]F�+<���c+Z�eTS�e_]TWgP>tf]TL ∀n > 1 an+1 = an+bn
2 6 an+an

2 = an
yX�G LU^}PJq � qse_WYbdL (an)

L�^�P4eTS�X�bJc+WY^J^JN*ZpPRL � w_N*b�PRWYb-e_]�bJN*Z_r 1
�LiP

∀n > 1
�
bn+1 >

√
b2n = bn

y(X�G L�^�Pdq � qse_WYbdL (bn)
L�^�P4X�bdc+WY^J^RN*ZaP�L � wxN*b}PRWYb�eT]�bRN*ZTr 1

�¦�c+ZaPRbdcaZT^�lYL0�+H��~y
�¬ZjN�N*WYZ_^JW ∀n > 1

y
0 6 b1 6 bn 6 an 6 a1

�OK7N$^J]TWgPRL
(an)

L�^�P�e_S�X�bdc+WY^J^RN*ZaP�LnLiP�MnWYZ_c+bdS�LVw_N*b
b1
eTc+Z_XeIG N*wTbd°�^
]TZ_L�w_bdc+w_bdWYSiPRS>eTL

R
�uL�lYlYL>L�^�P�X�c+Za�uL�bdr+L�ZpPRL-�pL�bJ^!]_ZVbJS�L�lxtu]IG caZOZTc&PRL

α
�JA4L>MV��MnL

(bn)
L�^�P�X�bdc+WY^J^RN*ZaPRLLiP4MVN&{}cabdS�L�w_N*b

a1
e_c+ZTX�L�lYlYL�L�^�P4N*]T^J^JW¢X�caZa�pL�bdraL�ZaPRL¬�pL�bJ^-]_Z�bdSUL�l¢tu]9G c+Z�ZTc&PRL

β
�z Z��»N*WY^RN*ZaP�PRL�ZTe_bdL

n
�pL�bd^�l+G WYZTv_Z_W¢e_N*Z_^�l+G Li�<wTbJL�^J^JWYc+Z

an+1 = an+bn
2

�Tc+Z$PRbdc+]<�pLny
α = α+β

2

^Jc+WgP
α = β

�
A~c+ZTX

(an)
LiP

(bn)
caZaP>lkNnMn��MVL�lYWYMVWgPRL�tu]IG c+Z�ZTc*PRL

M(a; b)
�

�
7��,�LK��@�����&���@¤ ÔM� ï Þ¬ÞN� × ðsï Þ (an) ï�ð (bn) � Û��*) ï Ý+! ïO�pïQP Ù>R�Û���23�TÙ � ÝdÙ ð × 23� ï ÚgÛ+ÝRÞ123� ï a ï�ð b Þ�Û�� ðS� Û&Þ × ð × P Þ �
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U>Z�XUN*lYX�]_l¢^JWYMnw_lYL�e_c+ZTZ_Lny

an+1 − bn+1 =
(an − bn)2

2(
√
an +

√
bn)2

=
(an − bn)2

8an+2

V|c+^Jc+ZT^
en = an − bn

l+G L�bdbdLU]Tb-bJL�lkN,PRWg�pLa�Q�¬Z�NVN*WYZT^JW�y

en+1 =
en

2

8an+2W>ca]T^�^RN��pc+ZT^�tf]TL
(en)

PRLUZTe��pL�bJ^
0
LiP

(an)
�pL�bd^

M(a; b)
LiP�eTcaZTX6^JW

b
LiP
a
^Jc+ZpP�w@ca^dWgP�WY��^U�

M(a; b)
lYLn^JL�bJNN*]_^d^JWGLiP>w_N*b�X�c+Z_^JS�tu]TLUZaP�y

en+1

en2
→ 1

8M(a; b)WYL
en+1

en2
= O(1)

eIG c�X�lkNnX�c+Za�uL�bdr+L�Z_X�L�tf]_N*eTbRN,PRWYtu]_L+�
W>]_MnS�bJWYtu]TLUMnL�ZaP>^JW

en ≈ 10−p
N*lYc+bd^

en+1 ≈ 1
8M(a;b) 10−2p ≈ 10−2p
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M(a; b)

7��,�LK��@�����&���@¤ùç ���
M(a; a) = a

�
# �
M(a; b) = M(b; a)

�
% �\[ � ï Ú923� ï Þ�Û × ð n > 0 M(an; bn) = M(a; b) Ù�) ï	� Ú ï Þ -0/1- ï Þ��@Û ð Ù ð × Û��TÞ �



( �\[ � ï Ú923� ï Þ�Û × ð Ú ï Ý �Rï Ú k > 0 M(ka; kb) = kM(a; b)
�

] �
M(a; b) = M

(
a+b

2 ;
√
ab
) �

^ �\[ � ï Ú923� ï Þ�Û × ð a > b M (a− b; a+ b) = M
(
a;
√
a2 − b2

) �
7��,�f��8@�T:�lkN*WY^J^dSUL�N*]�lYL�XiP�L�]Tb��

_ `0=IDFC�ó C�óbaJødc�A>;�EG=IHJA>;
x 7→M(1;x)
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x 7→M(1;x)� c+Z_^JWYeTS�bJc+ZT^�lYL�^�^J]_WgPRL�^�eTL��«c+ZTXiP�WYc+ZT^�e_S�v_Z_WYL�^�w_N*b-bJS�X�]TbJbdL�ZTXUL�w@c+]_b

x ∈ [ 0 ; +∞ [
y

a0(x) = 1
b0(x) = x

an+1(x) = an(x)+bn(x)
2

bn+1(x) =
√
an(x)bn(x)

U>ZùbRN*WY^Jc+ZTZ_L�MnL�ZpP�w_N*b�bJS�X�]TbJbdL�ZTXUL`Z_c+]T^�X�c+Za�<WYZpP�tu]9G L�lYlYL�^�^Jc+ZaP��_WYL�ZùeTS�v_ZTWYLU^�^J]Tb
[ 0 ; +∞ [

LiP � wxN*b}PRWYbeTL
n > 1

�
(an)

L�^�P]_ZTL�^J]TWgPRL�e_L���c+Z_XiPRWYc+Z_^Oe_S�X�bdcaWY^d^RN*ZpPRL
(bn)

LU^}P2X�bJc+WY^J^RN*ZaPRL�LiP2tf]TL�l>tu]TL�^Jc+WgP
x > 0

�
an(x)→M(1;x)

LiP
bn(x)→M(1;x)

�¨X�c+Za�pL�bJr+L�ZTXUL�^JWYMnw_lYL�e_L�^J]TWgPRL�^>eTL���c+Z_XiPRWYc+Z_^��i�
W>c*PRc+ZT^�wIc+]Tb-lkNn^J]TWgPRL

f(x) = M(1;x)�¬Z�N$y
bn(x) 6 f(x) 6 an(x)hiG S�Z_c+ZTX�L�]_ZTL�w_bdc+w_bdWYSiPRS�S��<WYeTL�ZpPRLny

7��,�LK��@�����&���@¤ í
an bn

Þ�Û�� ðj�pï Þ P Û�� ��ð × Û��TÞ � Û�� ð × �*� ï Þ¬Þ��fÝ [ 0 ; +∞ [ ï�ð C∞ ÞN�fÝ ] 0 ; +∞ [
�
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�
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[ 0 ; r ]

c�X
r > 0

L�^�P�v<�TS+�
A~S�v_Z_WY^J^dcaZT^
lkN�^J]TWgPRL>e_L>��c+ZTX�PRWYc+ZT^

(en)
w_N*b

en = an− bn
�
en
LU^}P�XUc+ZaPRWYZu]_L>LiP�lkN�^J]TWgPRL

(en)
L�^�P�eTSUX�bdc+WY^J^RN*ZaPRLa�X�c+Zp�pL�bdr+L�N*ZaP�^JWYMnw_lYL�MnLUZaP!�uL�bd^

0
�JA�G N*wTbd°U^
lYL�PRQTS�c+bJ°�MnL4eTLoA4WkZTW¨�ucaZO^RN*WgP�eTcaZTX

(en)
X�c+Za�pLUbdr+L4]TZ_WY��c+bdMVS�MVL�ZaP�pL�bJ^

0
^J]_b-lYL�X�caMnw_N+XiP

[ 0 ; r ]
�z P¬X�c+MnMVL

0 6 an − f 6 en
c+Z�wIL�]fP¬eTc+Z_X�eTWYbJL�tf]TL

(an)
X�caZa�pL�bdr+LF]TZTWY��cabdMnS�MVL�ZaP4�pL�bJ^

f
^J]Tb

[ 0 ; r ]
�
anSiPiN*ZaP>XUc+ZaPRWYZf]TL+�

f
l+G L�^�P4N*]_^J^dWG^d]_b

[ 0 ; r ]
�TeTc+Z_X�^J]Tb

[ 0 ; +∞ [
SiP�N*ZpP>eTcaZTZTS�tu]TL

r
SiP�N*WgP~N*bd�_WgPRbJN*WYbJL+�

�

é�¶»ß ÿ��@½p¾qpIÆ9r�¾É¹É¾«¿��ªÄ!Â
x 7→M(1;x)

V|c+]Tb�SiPR]_eTWYL�b-lkNneTS�bJWg�+N*�_WYlYWgPRL�e_L
f
�TcaZ��«N+WgP>]TZ_L�wILiPRWgP>e_SiPRc+]_b-w_N*b�lkN�PRQ_S�c+bdWYL�eTL�^���c+Z_XiPRWYc+Z_^�L�lYlYWYw<PRWYtu]TLU^��

A~S�v_Z_WY^J^dcaZT^�lkNn��c+ZTXiP�WYc+Z
I
^J]Tb

] 0 ; +∞ [2
wxN*b�y

I(a; b) =

∫ +∞

0

dt√
(a2 + t2)(b2 + t2)
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I(a; b) = I

(
a+ b

2
;
√
ab
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2I(a; b) =

∫ +∞

−∞

dt√
(a2 + t2)(b2 + t2)

tu]_W¢eTS�XUc+]TlYL�eTL�lkNnw_N*bJWgPRS�e_L�l+G c+wIS�bJN*Z_eTL+�
W>c*PRc+ZT^�y

q(t) =
1√

(a2 + t2)(b2 + t2)wT]_WY^~X�Q_L�bdX�Q_c+ZT^¬]TZ0XiQ_N*ZTraL�MnL�ZpP�eTL��+N+bdWkN*�TlYL6eTLFlkN��c+bdMVL
t = φ(s) = αs − β

s

N��pLUX
α
LiP
β
wIc+^JWgPRWY��^U�

φ
L�^�P�TWkL�Z�e_N+ZT^�X�L�X�N*^�]TZ_L��TW {}LUXiPRWYc+Z�eTL

] 0 ; +∞ [
�pL�bd^

R
�

V|c+^Jc+ZT^�y
Q(s) =

α+ β

s2

2((
a+b

2

)2
+ φ(s)2

)(
ab+ φ(s)2

)

�¬Z�NnN+WYZT^JW�y
I

(
a+ b

2
;
√
ab

)
=

∫ +∞

−∞

dt
2√((

a+b
2

)2
+ t2

)
(ab+ t2)

=

∫ +∞

0
Q(s)ds

�¬Z�N*WYMVL�bdL3w�N��pc+WYb
q(s) = Q(s)

�
�¬b

Q(s) ∼
+∞

1
2αs2

LiP
q(s) ∼

+∞
1
s2
X�L�tf]TW¢X�c+Z_eT]_WgP � w_bdL�ZTe_bdL α = 1

2

�
A~L�MV��MnL

Q(0) = 1
2β

LiP
q(0) = 1

ab

eTcaZTX�ZTSUX�L�^J^RN*WYbdL�MVL�ZaP
β = ab

2

�
�¬b�^JW_c+ZV�«N*WgP
lYL�X�QxN*ZTr+LUMnL�ZpP!e_L��+N*bdWkN*�_lYL

t = φ(s) = s
2− ab

2s

caZVc+�fPRWYLUZaP�N*wTbd°U^(XUN*lYXU]Tl_X�L�tu]_L-l+G caZVbdL�X�Q_L�bdX�QxN*WgP
q(s) = Q(s)

eTL��«N�x�c+Z�^d]_bdwTbJL�Z_N*ZpPRL+�
�

7��,�LK��@�����&���@¤zy
(a, b) 7→ I(a; b) ï Þ ð �,� ïQP Û�� ��ð × Û�� C1 ÞN�fÝ ] 0 ; +∞ [2 Ø�� )&Ù+Ú ï �fÝRÞ � Û&Þ × ð × ) ï Þ �

7��,�f��8@�T:�L�Z�L1{BLiP�vT�<c+ZT^
r > 0

�xN*lYc+bd^�wIc+]Tb
a > r LiP b > r c+Z�N$y

q(t) 6 1

r2 + t2
∈ L1([ 0 ; +∞ [)

A~c+ZTX�w_N*b�lYL~PRQ_S�c+bd°UMnL�eTL�X�c+Zp�pL�bdr+L�Z_X�L�e_c+MnWYZ_S
I
L�^�P>X�caZaPRWYZu]_L�^J]Tb

[r; +∞[
eTc+Z_X�^J]Tb

] 0 ; +∞ [
N+]T^J^JW¨�

A~L�MV��MnL
∂q

∂a
(t) = −q(t) a

a2 + t2z Z�^JL�bJL�^�PRbdL�WYraZ_N*ZaP � lkNn�_N*Z_eTL 0 < r < a < R
LiP
b > r c+Z$PRbdc+]<�pLny

| ∂q
∂a

(t) |6 R

(a2 + t2)2
∈ L1([ 0 ; +∞ [)

eTcaZTX ∂q
∂a

L�^�P C1 ^J]Tb�lkN��xN*ZTe_L��»wxN*b�lYL>PRQ_S�c+bd°UMnL~eTL~X�caZa�pL�bdraL�ZTX�L~e_c+MnWYZ_SD�!eTcaZTX~^J]Tb ] 0 ; +∞ [2
�g?·lIL�Z2LU^}P-e_L

MV��MnL�e_L ∂q
∂b

�
�

7��,�LK��@�����&���@¤M| ����} Û��fÝ ð Û�� ð Ý �Rï Ú k > 0 Ø I(ka; kb) = 1
kI(a; b)

�
# �
I(b; a) = I(a; b)

�
% �
I(1; 1) = π

2

�



7��,�f�98I�~:jc+ZÃNìy
I(1; 1) =

∫ +∞
0

dt
1+t2

�z�~b d
dx(arctan)(x) = 1

1+x2

LiP
lim+∞ arctan(x) = π

2

eIG c�XÃlYLPRbJc+WY^JWY°�MnL�w@c+WYZpP��
�

KGL�Z_c+M��_bdL
π
X�caMnMnLUZTX�L � N*wTwxN*bJN��YP�bdL��

Ñ �7£u�x�,ÒfÓj��l�} Û��fÝ ð Û�� ð Ý �Rï Ú � Û&Þ × ð × P a ï�ð b Ø Û��hÙ'&
I(a; b)M(a; b) =

π

2

7��,�f��8@�T:��~Z�NF�<]F�»w_bdc+wIc+^JWgPRWYc+Z�wTbdSUX�S�eTLUZaPRLD��tu]_L ∀a > 0
L�P ∀b > 0

c+Z�N��+N*WgP
I(a; b) = I(a+b

2 ;
√
ab)LiP4eTc+Z_X

I(a0; b0) = I(a1; b1) = I(a2; b2) = . . . = I(an; bn).� c+MVMnL
I
LU^}P4X�c+ZaP�WYZu]TL�L�Z

(M(a; b),M(a; b))
�TwxN*b-wxN*^J^JN+r+L � lkN6lYWYMVWgPRL+�_c+Z2PRbJc+]f�pLVy

I(a0; b0) = I(M(a; b);Ma(a; b)) = M(a; b)−1 I(1; 1) = M(a; b)−1 π

2eIG c�X�lYL�bdS�^J]TlgP�N&P��
�

A~S�vxZTWY^J^Jc+ZT^�lkNn��c+ZTX�PRWYc+Z
g
^J]Tb

] 0 ; +∞ [

g(x) = I(1;x)

LiP4bJN*w_w@L�lYlYc+Z_^
f(x) = M(1;x)� WYZ_^JW
f(x) g(x) =

π

2Ñ �7£u�x�,ÒfÓj��s
f ï Þ ð C1 Þ��fÝ ] 0 ; +∞ [

�
7��,�f�98I�;: � LUlkN6e_S�X�c+]_lYL�eTL�lkN6bdLUlkN,PRWYc+Z�wTbdSUX�S�eTLUZaPRL�L�ZpPRbdL

f
LiP
g
LiP>eTL�lkN6w_bdc+wTbJWYSiPRS��T�

�

é�¶«é ê�¿�f(Ä!ÂªÄ(Â
x 7→M(1;x)

Æ9f�p ¼ ¾¨à+¾ÉÈ(ÆBºGÂªÄ!Â
0
Â_¿

+∞
7��,�LK��@�����&���@¤z��[ � ï Ú�23� ï Þ�Û × ð x > 0 &
���
g( 1
x) = g(x)x

�
# �
f( 1

x) = 1
xf(x)

�
% �
g(x) ∼

0+
− ln(x)

�
( �
f(x) ∼

0+

−π
2 ln(x)

] �
f(x) ∼

+∞
πx

2 ln(x)



7��,�f�98I�;:�lYL�^�e_L�]f��wTbdL�MVWYL�bd^�wIc+WYZaPR^�eTSUX�c+]TlYLUZaP>e_L�^�wTbdcaw@c+^JWgPRWYc+Z_^�EFLiP¬²f�
V�N*^J^dcaZT^>N*]$PRbdc+WY^JWY°UMnL�L�P>S�XUbdWg�pc+ZT^�y

g(x) =

∫ +∞

0

dt√
(x2 + t2)(1 + t2)

=

∫ a

0︸︷︷︸
g1(x)

+

∫ +∞

a︸ ︷︷ ︸
g1(x)

c�X
a > 0

LU^}P>v<�<Sa�
V|c+]Tb

0 6 t 6 a c+Z�N<y
1√

1 + a2
6 1√

1 + t2
6 1

wT]_WY^
h(x)√
1 + a2

6 g1(x) 6 h(x)

c�X�c+Z�Nnw@c+^JS
h(x) =

∫ a

0

dt√
x2 + t2

= − ln(x) + ln(a+
√
x2 + a2)

�¬Z�S�X�bJWYbJN
g1(x) = Θ(a, x)h(x)

N��pL�X 1√
1+a2

6 Θ(a, x) 6 1
�

A~L�w_lY]T^
0 <

∫ +∞

a

dt√
(x2 + t2)(1 + t2)

6
∫ +∞

a

dt

t
√

(1 + t2)
= Ba ∈ R+

W¨� L+�
g2(x)

L�^�P>�@c+bJZTS�L�wxN*b-]_ZTL�X�c+Z_^�P�N*ZaPRL�WYZTe_S�w@LUZTe_N+ZaPRL�eTL
x > 0LiP~N*WYZT^JW

g(x)

− ln(x)
= Θ(a;x) +

Θ(a;x) ln(a+
√
x2 + a2) + g2(x)

− ln(x)LiP4w_N*b�w_N*^J^RN*r+L � lkN6lYWYMVWgPRL�^J]Tw��*lYWYMnWgPRL�WYZT� lkL�eTLU]f�<WY°�MVL~PRL�bJMnL~P�L�ZTe2�uL�bd^ 0
�j�~Z$PRbdc+]<�pL�e_c+ZTX

1√
1 + a2

6 lim inf
x→0+

g(x)

− ln(x)
6 lim sup

x→0+

g(x)

− ln(x)
6 1

� LUX�W¢SiP�N+ZaP-�TbJN*W¢tf]TL�lGtu]TL�^Jc+WgP
a > 0

eTc+ZTX�L�Z��«N+WY^JN+ZaP-P�L�ZTeTbJL
a
�pL�bd^

0
�Tc+Z$PRbdc+]<�pL��TWkL�Zhy

lim
x→0+

g(x)

− ln(x)
= 1

g(x) ∼
0+
− ln(x).

V�N*^J^dcaZT^>N*]�w@c+WkZaP>^J]TWg�aN*ZaP��
V|c+]Tb

x
r+bRN*ZTe

g(x) =
1

x
g

(
1

x

)
∼

+∞
1

x
− ln

(
1

x

)
=

ln(x)

xW¨� L+�
g(x) ∼

+∞
ln(x)

xz ZT^J]_WgPRL�^RN*X�QxN*ZaP4tu]TL
f(x) g(x) = π

2

�Tc+Z$PRbJc+]f�pL�lkL�^�eTL�]<�$eTLUbdZTWYL�bJ^-wIc+WYZaP�^��
�



é�¶�æ �1È(ÂZ���5f�ÆB¿a¾»¼ ÈîÄ�¾���x½+Â@È7¿p¾»Â@¹É¹»ÂZp��x½p¾�j�_Â��!ÆG½
x 7→M(1;x)

à�f!½
] 0 ; 1 [

V|c+]Tb�PRc+]fP4lkN6^J]_WgPRL�eTL�l+G Li�<wIc+^JS+�TcaZ�^JL�bJL�^}P�L�WYZTe_bJN � l+G WYZaPRL�b��+N*lYlYL ] 0 ; 1 [
�

A~S�v_Z_WY^J^dcaZT^�lYL�^�^J]TWgP�L�^�eTL��«c+ZTXiP�WYc+ZT^
(cn)n>0

L�P
(dn)n>0

w_N*b�y
cn =

√
a2
n − b2n

dn =
1

2n
ln

(
an
cn

)

7��,�LK��@�����&���@¤z��[ � ï Ú�23� ï Þ�Û × ð n > 0 &
���
M(an; cn) = 2M(an+1; cn+1)

�
# �
M(a0; c0) = 2nM(an; cn)

�
7��,�f�98I�;:��~Z�bdLUMVN*bdtf]TL�tf]TLny

cn+1 =
√
a2
n+1 − b2n+1 =

√(
an + bn

2

)2

− anbn =
an − bn

2
A�G N*wTbJ°�^�lkN6w_bdc+wIc+^JWgPRWYc+Z�Ef�

M(an − bn; an + bn) = M(an;
√
a2
n − b2n)^Jc+WgP

M(2cn+1; 2an+1) = M(an; cn)eIG c�X
2M(cn+1; an+1) = M(an; cn)LiP4w_N*b�bdS�X�]_bdbdL�Z_X�L�c+Z2P�bdc+]f�uL�lYL�^dLUX�c+ZTe�w@c+WYZpP��

�
7��,�LK��@�����&���@¤ Ô"��[ � ï Ú923� ï Þ�Û × ð x ∈]0; 1[ Ø Û��hÙ

dn(x) −−−−−→
n→+∞

π

2

f(x)

f(
√

1− x2)

� � Û��*) ï Ý+! ï � �Rï Þ × - � Ú ï��
7��,�f�98I�;:��~Z�S�XUbdWgP>tf]TL

f(
√

1− x2) = M(1;
√

1− x2) = M(a0; c0) = 2nM(an; cn) = 2nanM(1;
cn
an

) = 2nanf(
cn
an

)

an(x)
PRLUZTe2�uL�bd^

f(x) > 0
�
x ∈]0; 1[

��LiP cn(x)
an(x)

PRL�Z_e2�pLUbd^�w�S�bdc
eTcaZTX�e9G N*wTbd°U^�lYL�X�c+MVw@cab}PRL�MVL�ZaP>eTL

f
N*]$�pc+WY^JWYZ_N+r+L�e_L w�S�bJc��»w_bdc+wIc+^dWÜPRWYc+Z�´>�¬y

f

(
cn(x)

an(x)

)
∼

+∞
− π

2 ln
(
cn(x)
an(x)

)

z P>c+Z�eTS�e_]TWgP>lYL�bdS�^J]_lgP�N,P��
�¥!caWYX�W¢]_Z�bdS�^J]TlgPiN,P>WYMVw@cab}P�N*ZaP4^d]_b-lkNn^d]_WgPRL

(dn)
y

7��,�LK��@�����&���@¤ ÔxÔ
d′n+1

d′n
=
an
bn

=
bn+1

2

bn
2

Þ�Û × ð
d′n+1

bn+1
2 =

d′n
bn

2



� L�tu]TW¢LUZaPRbJN���ZTL
� �@�,�I�»���@���,�1Ô

d′n(x)

bn
2(x)

=
d′0(x)

b0
2(x)

=
1

x(1− x2)

d′n(x) =
bn(x)2

x(1− x2)
ÞN�fÝ ]0; 1[

� WYZ_^JW¢c+Z�w@L�]<P>Li�<wTbJWYMnL�b�Li�<w_lYWYX�WgPRL�MVL�ZaP d′n(x)

bn(x)2

L��«c+ZTXiP�WYc+Z�e_L
x
LiP4eTc+Z_X

d′n(x)
LUZ���c+Z_XiPRWYc+Z�eTL

x
LiP
bn(x)

�
7��,�f��8@�0�7�0����K �,�LK �*��£p�U£T: c+Z�XUN*lYX�]TlkL

d′n
y

d′n =
1

2n

(
an
cn

)−1 a′ncn − anc′n
cn2

=
1

2n

(
a′n
an
− c′n
cn

)

=
1

2n
anbnb

′
n − bn2a′n

an(an2 − bn2)c+Z�XUN*lYX�]_lYL�e_L�Mn�UMnL
d′n+1

L�Z�bJL�MVN*bJtu]_N*ZpP>tu]_Lny

cn+1 =
an − bn

2LiP4eTc+Z_X
c′n+1 =

a′n − b′n
2� WYZ_^JW

d′n+1 =
1

2n+1

(
a′n+1

an+1
− c′n+1

cn+1

)

=
1

2n+1

(
a′n + b′n
an + bn

− a′n − b′n
an − bn

)

=
1

2n
anb
′
n − bna′n

an2 − bn2

A~c+ZTX�c+Z�e_S�eT]_WgP
d′n+1

d′n
=
an
bn

=
anbn

bn
2 =

bn+1
2

bn
2

�
7��,�LK��@�����&���@¤ Ô<ç

d′n � Û��*) ï Ý+! ï �,� × P Û+Ý�- � - ï � ð ÞN�fÝ ð Û�� ð�� Û�- � Ù ��ð��pï ]0; 1[ ) ï Ý�Þ x 7→ f2(x)
x(1−x2)7��,�f�98I��: c+Z0^JL�bJN*w_w@L�lYlYLFtu]TL

0 < bn(x) 6 f(x)
L�P¬X�caZT^JWYeTS�bJc+ZT^~]TZ0X�c+MnwxN*XiP

K
eTL

]0; 1[
�oV|c+]Tb>PRc+]fP

xeTL
K
�_c+Z�N$y

| d′n(x)− f2(x)

x(1− x2)
| = | bn(x)2 − f2(x)

x(1− x2)
|

= | bn(x)− f(x) | × | bn(x) + f(x)

x(1− x2)
|

6 | f(x)− bn(x) | × sup
y∈K

(
2f(y)

y(1− y2)

)

f
SiPiN*ZaP>X�c+ZpPRWYZu]_L�^J]Tb

[ 0 ; +∞ [
�
supy∈K

(
2f(y)
y(1−y2)

) LU^}P>]_Z�ZTc+MF�TbdL�wIc+^JWgPRWY� LiP4wT]TWY^Jtu]_L
bn
X�c+Za�uL�bdr+L�]TZTWY�«c+b}q

MVS�MnL�ZpP>^J]Tb�PRca]fP>X�caMnw_N+XiP>e_L
]0; 1[

�pL�bJ^-�}�Tc+Z�eTS�e_]TWgP>lkNnwTbdcawTbdWYSiP�S+�



�
t�S�^J]_Mnc+Z_^�y
• dn

X�caZa�pL�bdr+L�^JWYMVwTlYMnLUZaP-�pL�bJ^
x

l7→ π
2

f(x)

f(
√

1−x2)

• d′n
X�caZa�pL�bdr+L�]_ZTWY��c+bJMnS�MVL�ZaP-�pL�bJ^ h7→ f2(x)

x(1−x2)

^J]Tb�PRc+]fP4X�c+MnwxN*XiP4eTL
]0; 1[

�
A~c+ZTX�e9G N*wTbd°U^�lYL¬PRQ_S�c+bd°�MVL�^d]_b-lkNnlYWYMVWgPRL�eTL���caZTXiPRWYcaZT^�e_S�bdWg�+N+�TlYL�^

l
L�^�P4]TZTL���c+Z_XiPRWYc+Z�e_S�bdWg�aN*�TlYL�^J]Tb

]0; 1[
LiP

l′ = h
�z Z�e_S�bdWg�aN*ZaP

l
c+Z$PRbdc+]<�pL�tu]_L

f
�uS�bdWÜv_L�l+G S�tu]xN,PRWYc+Z�^J]Tb

]0; 1[
y

π

2

(
x(1− x2)f ′(x)f(

√
1− x2) + x2

√
1− x2f(x)f(

√
1− x2)

)
= f2(x)f2(

√
1− x2)

z Z�S��+N*lY]xN*ZaP>l+G S�tu]_N&PRWYc+Z�L�Z
x = 1√

2

�Tc+Z�c+�<PRWYL�ZaP>l=G S�raN*lYWgPRS�bJL�lYWkN*ZaP
f
LiP
π
y

π = 2
√

2
f
(

1√
2

)3

f ′
(

1√
2

)

� ]ìeTS��T]<POeTL�X�L�w_N*wTWkL�bncaZìNhbdL�MON*bdtu]_S�tu]9G c+Zìw@L�]<POXUN*lYX�]_lYL�bON��pL�X�rabJN*ZTe_L�wTbJS�X�WY^JWYc+ZìLiPbJN*w_WYeTL�MVL�ZaP
f
(

1√
2

) LiP>c+Z�^RN*WgP>X�N*lYX�]TlYLUb�N*]_^J^dWGbJN*wTWYe_L�MnLUZaP √
2
���pc+WYb�lkNnMnSiPRQ_cueTL�e_L�W>Li±�PRc+Z����

¦0N*WYZaPRL�ZxN*ZaPFlYLVw_bdc+�_lY°�MnLOtu]TW!^JLVwIc+^JLVL�^�PFlYLV^J]_Wg�+N*ZaP2y�w@L�]<Pdqsc+Z1N*wTwTbJcuX�QTLUb
f ′
(

1√
2

) w_N*b�]TZ_LV^J]TWgPRLN�ouN*ZaP
]TZ_L�X�c+Zp�pL�bdr+LUZTX�L�tu]_N*e_bJN,PRWYtf]TL�X�caMnMnL�lYL�^�e_L�]f�$Z_c+M��_bdL�^�wTbdSUX�S�eTLUZaPR^ ©

V�N*b�X�Q_N*Z_X�L+�_lYL�^�^J]TWgPRLU^-e_S�bdWg�pS�LU^
a′n

LiP
b′n
c+ZaP4X�LiPdP�L�w_bdc+wTbJWYSiPRS+�

� � DFô<=IHC�nE ø�=BHdA>;�C�ó(ô ø�aJý�A-?BH�=IúFõöó(ô¡  E A>;o¢>ó�?Iý�ó(;�E|ó þ¬D�ø>C�?Iø�=IHRþ¬D�ó
æ(¶·µ ê�¿�f(Ä!ÂªÄ(Â@à�à�f
¾«¿+Âxà

(a′n)
ÂT¿

(b′n)
à�f!½

]0; 1[
t>N*w_w@L�lYc+Z_^�lYL�^�eTS�vxZTWgP�WYc+ZT^�y





a0(x) = 1
b0(x) = x

an+1(x) = an(x)+bn(x)
2

bn+1(x) =
√
an(x)bn(x)LiP4eTc+Z_X





a′0(x) = 0
b′0(x) = 1

a′n+1(x) = a′n(x)+b′n(x)
2

b′n+1(x) = a′n(x)bn(x)+an(x)b′n(x)

2
√
an(x)bn(x)A~S�v_Z_WY^J^dcaZT^�w@c+]_b

n > 0
�TlkL�^�eTL�]<�$^J]TWgPRLU^�eTL���caZTXiPRWYcaZT^�^J]Tb

]0; 1[
y

yn = an
bn

zn = b′n
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a′n
LiP
b′n
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yn+1 = 1+yn

2
√
yn
Ø
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zn+1 = 1+ynzn

(1+zn)
√
yn
Ø
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zn > yn Ø^ �
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a′n+1
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b′n+1

LiP
a′n
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b′n
�
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yn > 1
�

t�L�MON*bdtu]_c+ZT^�L�Z_^d]_WgPRL�tu]_L
z1(x) = 1√

x

eTc+Z_X
z1 > 1

^J]_b
]0; 1[

�
A~S�v_Z_WY^J^dcaZT^�lkNn��c+ZTXiP�WYc+Z
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wxN*b

φy(x) =
1 + yx

(1 + x)
√
yN*lYc+bJ^

φ′y(x) =
1√
y

y − 1

(1 + x)2

eTcaZTX6^JW
y > 1

�7N*lYc+bd^
φ′y > 0

^J]Tb
[ 0 ; +∞ [

LiP�X�c+MVMnL
φy(1) = 1+y

2
√
y > 1

�¢c+ZheTS�e_]TWgP�tu]_L6^JW
zn > 1

N*lYc+bJ^
zn+1 = φyn(zn) > φyn(1) > 1

X�G LU^}PJq � qse_WYbdL
zn+1 > yn+1 > 1.�¬b

z1(x) = 1√
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> 1

LiP
y1(x) = 1

x > 1
�_eTc+Z_X�c+Z�Nn�TWYL�Z

zn > yn � w_N*b�PRWYb-e_L n = 1
�¨w_N*b-bJS�X�]TbJbdL�ZTXULD�i�

K7N6MVc+ZTc*PRc+ZTWYL�eTL
(zn)

^dL�eTS�e_]TWgP>�»N*X�WYlYL�MVL�ZaP�y
zn+1 =

1 + ynzn
(1 + zn)

√
yn
6 zn + ynzn

(1 + zn)
√
yneTcaZTX

zn+1
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6 1 + yn

(1 + zn)
√
yn
6 1√

yn
6 1

z PR]Te_WYc+ZT^�lkNnX�c+Za�pLUbdr+L�ZTXUL�e_L�^�eTL�]<�$^J]TWgPRLU^��
W>ca]T^>N��pc+ZT^

yn − 1 =
an − bn
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6 an − bn
b0eT]��«N*WgP4eTL�lkNnX�bdc+WY^J^RN*Z_X�L�e_L�lkN6^J]_WgPRL
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�_eIG c�X�w@c+]_b�PRc+]<P

x
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K
eTL
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y

yn(x)− 1 6 sup
y∈K
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y
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(an(x)− bn(x))

z P>XUc+MnMnL
(an − bn)
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x
e_L2l+G WYZpPRL�b}�aN*lYlYL
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�

(zn(x))
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1
eTc+Z_X2L�lYlYLX�c+Zp�pL�bdr+L~L�P�X�caMnMnL

yn(x) −−−→
n→∞

1
�<c+Ze_S�eT]_WgP�e_L4l+G Li�TwTbdLU^d^JWYc+Z2e_L4bdS�XU]TbdbdLUZTX�L

zn+1 = 1+ynzn
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√
yn

tu]TL
zn(x)PRLUZTe2�pLUbd^
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�z ZT^J]TWgP�LFlYL�^¬��c+ZTX�PRWYc+ZT^

zn
SiPiN*ZaP�X�c+ZaP�WYZu]TLU^~X�caMnMnL

x 7→ 1
L�P�lkN^J]TWgPRL
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X�c+Zp�pL�bdr+L�L�Z��«N*WgP4]TZTWY�«c+bdMnSUMnL�ZaP4^d]_b�PRc+]<P>X�c+MVw_N*X�P>eTL

]0; 1[
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‖(x, y)‖∞ = max(|x|, |y|)LiP4w@c+]_b-]TZ_L���c+ZTX�PRWYc+Z�^d]_b-]TZ�X�c+MnwxN*XiP
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eTL
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|f |K,∞ = supy∈K |f(y)| �
A~S�vxZTWY^J^Jc+ZT^

un = ‖(|zn − 1|K,∞, |yn − 1|K,∞)‖∞� c+MnMVL�Zix�c+Z_^�w_N*b�wTbdc+]<�pL�b-tf]TL
(a′n)

LU^}P4�@c+bdZ_S�L�wIc+]Tb-l�N6ZTc+bJMnL | |K,∞ �V(]TWY^Jtu]_L
a′n+1 = a′n+b′n

2

�Tc+Z�N
a′n+1 = 1+zn

2 a′n
�z PR]Te_WYc+ZT^�lkNn^d]_WgPRL

(zn)
�

�¬Z�w@LU]fP>S�X�bJWYbdL
zn+1 = G(yn, zn)

yn+1 = H(yn)N��pL�X
G(y, z) =

1 + yz

(1 + z)
√
y
.

H(y) =
1 + y

2
√
yV(]TWY^�w_bdL�ZTcaZT^�lYL�eTS��pL�lYc+w_w@L�MVL�ZaP>lYWYMVWgPRS�eTL

G
LiP
H
N+]2�pcaWY^dWYZxN*r+L�eTL
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y

G(1 + h, 1 + k) = 1 +
h2

8
+
hk

4
+ o(‖(h; k)‖2∞)

H(1 + h) = 1 +
h2

8
+ o(h2)

A~c+ZTX�c+Z�wIL�]fP�PRbdc+]<�pL�b-]_Z�bdS�LUl
r
�
1 > r > 0

P�L�l¢tu]_L |h| 6 r LiP |k| 6 r LUZaPRbJN���Z_L
|G(1 + h, 1 + k)− 1| 6 ‖(h, k)‖2∞
|H(1 + h)− 1| 6 h2 6 ‖(h, k)‖2∞V(]TWY^Jtu]_L

(yn)
LiP

(zn)
XUc+Za�pL�bJr+L6]TZTWk��c+bdMnSUMnL�ZpP�^J]Tb4PRc+]fP�X�c+MVw_N*XiP�e_L

]0; 1[
�pLUbd^

1
�BwIc+]Tb4PRc+]<P

K
X�c+MVw_N*XiPeTL

]0; 1[
WYl�Li�<WY^�PRL`]TZ LUZaPRWYL�b

NK,r
w@c+^JWgPRWY�}��PRL�l¬tf]TL`w@ca]TbPRc+]fP

n > NK,r
�~c+ZùN*WgP |yn − 1|∞,K 6 r

L�P
|zn − 1|∞,K 6 r

eTc+Z_X�w@ca]Tb�PRc+]<P
x
e_L
K
y
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2

LiP~N*WYZT^JW
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2

LiP4L�Z�w_bdcuX�SUeTL�ZaP>e_L�MV��MnL�wIc+]Tb
yn
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2
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n > NK,r

un+1 6 u2
neIG c�X�w_N+b-bdSUX�]TbdbJL�ZTX�L

un 6 c r2n

N��pL�X
c = r2

−NK,r



� c+MnMVL
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n > NK,r
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k=1

(1 + c2r
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k=1

(1 + c2r
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K7N�^J]TWgPRL
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K
XUN+b

a′n+1−a′n =
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2 = zn−1
2 a′n

LiP4eTc+Z_X�^JW
n > NK,r

|a′n+1 − a′n|K,∞ 6 c3 r
2n

XUN*b
(a′n)

L�^�P>�Ic+bdZ_S�L+� z Z�X�caZT^JS�tu]_L�ZTX�L�w@c+]_b
m > n > NK,r

|a′m − a′n|K,∞ 6
m−1∑

k=n

|a′k+1 − a′k|K,∞ 6 c3
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r2k 6 c3

∞∑

k=n

r2k ∈ R+

LiP4wT]_WY^dtf]TL�lkNn^JS�bdWYL ∑∞
k=0 r

2k XUc+Za�pL�bJr+L+�_tu]TL�lGtu]TL�^Jc+WgP ε > 0

|a′m − a′n|K,∞ 6 εwIc+]Tb
n
N*^J^dL©w�rabJN*ZTeG�

(a′n)
L�^�P~eTc+ZTX�]TZ_L�^J]_WgPRL�tf]TW7X�c+Za�uL�bdr+L�]TZ_WY��c+bdMVS�MnLUZaP~^d]_b

K
�pLUbd^>]_ZTL���c+ZTX�PRWYc+Z�X�c+Z<qPRWYZf]TL

J
L�P-X�c+MVMnL

(an)
XUc+Za�pL�bJr+L~^JWYMVwTlYL�MVL�ZaP��pL�bd^

f
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K
�<c+Z2wIL�]<P-eTc+ZTX�N�ªVbdMVL�b�tu]TL

(a′n)
X�c+Za�pL�bJr+L~LUZ�«N*WgP��pL�bJ^

f ′
^J]Tb

K
�

z P>e_L�lkN6bJL�lkN,PRWYc+Z
a′n+1 = a′n+b′n

2

�Tc+Z$PRWYbdL�tu]TL
(b′n)

X�c+Za�uL�bdr+L�N*]T^J^JW¢]_ZTWY��c+bJMnS�MVL�ZaP>^J]Tb
K
�pL�bJ^

f ′
�

z Z<vxZ�w_]TWY^Jtu]TL
|a′m − a′n|K,∞ 6 c3
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r2k
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y0 =

√
2
�
z1 = 4

√
2
LiP
f0 = 2 +

√
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√
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√
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fn+1 = fn
1 + yn
1 + zn

−−−→
n→∞
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√
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1√
2
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1√
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wn
=
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w1(
1√
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wn( 1√
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�Tc+Z�bdLiPRbJc+]f�pL�l�N6^J]TWgPRL�eT]$PRQTS�cabd°�MnLa�
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u0 =

√
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√
2
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√
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1

2
√
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?·lY^�c+ZpP>e_S�X�c+]<�pL�b}P>XULiP4N*lYrac+bdWgPRQ_MnL�L�Z�MV��MnL¬PRL�Mnw_^�LiP>WYZTe_S�wIL�ZTe_N+MnMnLUZaP��
t>N*wIL�lYlYc+ZT^�lYLU^�^d]_WgPRL�^�y^JW
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√
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=
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=
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=
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=
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A← 1
B ← 1÷ 2
S ← 1÷ 4

bdSUw@SiP�L�b-w@c+]_b
n
�aN*bdWkN*ZpP>eTL

0 � N
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t←
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A← A+B
A← ÷4
A← A+ t
t← A−B
t← 2kt
S ← S − tvxZ�eTL�lkN6�@ca]TX�lYL
t← A÷ SN�ªOX�QTL�b

t ≈ π
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a← 1
A← 1
B ← 1÷ 2
s← 1÷ 2
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t← A−B
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t← A÷ sN�ªOX�QTL�b

t ≈ π


